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Abstract—The mechanism of the complex recursive bifurcation behavior of a four-sides simply-
supported rectangular plate is investigated. Such complex behavior is due to the “hidden’ symmetry
of the plate associated with the periodic nature of the solutions. The group-theoretic bifurcation
theory is employed to arrive at a lattice of subgroups which expresses the rule for the behavior. This
rule is shown to suffer degeneration due to the restriction by the boundaries compared with that of
geometrical symmetry. The governing equation of this plate is discretized by means of Galerkin’s
method with the use of the double Fourier series as shape functions. The tangential stiffness matrix
of the plate is shown to be block-diagonalized by appropriately permuting the order of the Fourier
series following the rule presented. The bifurcation analysis of the plate is carried out to assess the
validity of the rule and to demonstrate the merit of the block-diagonalization. As a result of this,
the vital role of the bifurcation rule in the proper understanding and successful analysis of the
complex bifurcation behavior has been demonstrated. © 1997 Elsevier Science Ltd

1. INTRODUCTION

Most bifurcation behavior takes place as a consequence of the (partial) loss of the symmetry
of a system. The symmetry of the governing equation is described by the group-equivariance
condition, which shows the objectivity of this equation. By virtue of a recent development
of the group-theoretic bifurcation theory in nonlinear mathematics, the mechanism of the
(symmetry-breaking) bifurcation behavior of a system equivariant to a group can be known
a priori [e.g. Sattinger (1979, 1983) ; Fujii and Yamaguti (1980) ; Golubitsky and Schaeffer
(1985) ; Golubitsky et al. (1988)]. Such bifurcation can be characterized by a bifurcation
rule expressed in terms of a lattice of subgroups:

GG -Gy >,

where G; — G, represents the emergence of a G, ,-invariant solution from a G-invariant
one. This equation means that the symmetry of the system is reduced from a G-invariant
state into G-, G,-, .. ., invariant ones. The framework of the bifurcation of the system can
be known a priori by investigating the rule of bifurcation of systems equivariant to groups
G, G,, G,, ... 1n a recursive manner.

In the field of fluid dynamics, the bifurcation behavioral characteristics of the Couette—
Taylor flow (Taylor, 1923), the Benard convection (Koschmieder, 1966), and so on, have
been untangled fully and various kinds of patterned flows are systematically classified
(Schaeffer, 1980 ; Iooss, 1986 ; Crawford and Knobloch, 1991 ; Chossat and Iooss, 1994).
In the field of mechanics, the mechanism of the formation of an echelon mode in uniform
materials has been explained as the bifurcation of an O(2) x O(2)-equivariant system in
Ikeda et al. (1994).

The symmetry of systems can be categorized into ‘“‘geometrical” symmetry and “hid-
den” one. The circumferential symmetry of axisymmetric shells serves as a typical example
of the former. The latter is due to the periodic nature of solutions, and its examples can be
found for in an ecological interacting and diffusing system by Fujii ez al. (1982), in an
axially-loaded cylinder by Hunt (1986), and in a beam by Goto er al. (1994). While the
bifurcation structure of the former is determined solely from the symmetry group of the
system under consideration, that of the latter is influenced by the boundary conditions.
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Fig. 1. Simply-supported rectangular plate under pure bending.

In the field of structural engineering, the analysis of recursive (secondary) bifurcation
has been an active topic of research [e.g. Chilver (1967); Nakamura and Uetani (1979);
Thompson and Hunt (1984) ; Maaskant and Roorda (1992) ; Nakazawa et al. (1991, 1993,
1996)]. The block-diagonalization method, by which the governing equation is decomposed
into a series of independent equations, has been established as a means to exploit symmetry
[e.g. Healey (1988) ; Zlokovi¢ (1989) ; Dinkevich (1991) ; Murota and Ikeda (1991)]. Exten-
sive research has been conducted on axisymmetric systems (equivariant to a group C,, for
circular symmetry or to a group C,, for regular ngonal symmetry) to arrive at the lattice of
subgroups, and to implement the block-diagonalization method into the framework of the
finite element method (lkeda et al., 1991, 1992 ; Ikeda and Murota, 1991). It is advantageous
in numerical analysis to be able to grasp the mechanism of bifurcation, and is numerically
efficient and stable enough to put the tangent stiffness matrix into a block-diagonal form.
The application of the group-theoretic method to structures, however, was mainly on those
with geometrical symmetry.

As a first step, to apply this method to structures with hidden symmetry, the bifurcation
mechanism of the simply-supported rectangular plate in Fig. 1 was investigated in Ikeda et
al. (1996) with reference to the hidden dihedral group symmetry. This study, however,
remained incomplete in favor of its simplicity, because it referred only to in-plane symmetry.
In this paper, the spatial symmetry of the plate is fully exploited and it is shown to be D ;-
invariant due to the hidden symmetry. The governing equation of this plate is discretized
by means of the Galerkin method with the use of the double Fourier series as shape
functions. The lattice of subgroups for the plate is obtained. This lattice is quite different
from that for a D, -equivariant system with geometrical symmetry in that a number of
subgroups are absent due to the degeneration by the boundaries. The tangential stiffness
matrix of the plate is shown to be block-diagonalized by permuting the order of the Fourier
series. The bifurcation analysis of the plate is carried out to assess the validity of the present
theory.

2. GROUP-THEORETIC BIFURCATION THEORY

In this section, the group-theoretic bifurcation theory for describing the bifurcation
behavior of a system with geometrical symmetry is briefly reviewed and is applied to some
specific groups that label spatial symmetries. Necessary background can be found [for
example in Sattinger (1979, 1983); Golubitsky and Schaeffer (1985); Golubitsky et al.
(1988) ; Dinkevich (1991)).

2.1. Formulation
Consider a set of N-dimensional equations

F(u.f) =0 o))

or, alternatively, a system of governing equation
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F(w,f) = 0. 2)

Here f'stands for a loading parameter, u for a displacement vector, w for a scalar function
w(x, y), and (x, y) for the coordinate of a point in the domain; F and F arc assumed to be
sufficiently smooth. Although we focus mainly on the discretized form of eqn (1) in this
section, its extension to the continuous form of eqn (2) is not difficult (e.g. Ikeda et al.,
1994).

Consider a group, G, made up of a series of geometric transformation g, such as
reflections and rotations, in describing the symmetry of the equilibrium equation. For
example, an element g of a group G transforms an N-dimensional vector u into g(u). The
mechanism of such transformation can be defined by an N x N representation matrix T(g),
which is assumed to be unitary, such that

T(ga=g), T@F=gF), geGC.

The equilibrium equation is said to be equivariant to a group G when

T(@F(u,f) = F(T(gu.f), "geq, &)

is satisfied. The invariance of the solution u, which is a different concept from the equi-
variance, is defined by T(g)u = u (g G).

Let (u°, f°) be a critical point on the main path, at which the tangential stiffness matrix
(Jacobian) J(u%, f©) = (0F/0u)® has a zero eigenvalue(s). A critical point is either a limit
point of the loading parameter f or a bifurcation point. The bifurcation paths, branching
from the main path at a bifurcation point, are usually made up of solutions (u, /') of reduced
symmetries, that are to be labeled by subgroups of G.

The multiplicity of a critical point (u®, /°) is defined as

M = dim[ker(J(u®, f°))],

(where ker(*) denotes the kernel space of the linear operator in the parentheses). Let (u®, /)
be a group-theoretic critical point.t Then, by definition, the kernel space X is associated
with an irreducible representation u, which, in turn, is associated with a subgroup G of
G. To be more specific, let T¥(g)(ge G) be the representation matrices of the irreducible
representation p. Then

G =1{geG|T*(g) = I}, 4

where I, 1s the M x M identity matrix. Note that the degree of the irreducible representation
is equal to the multiplicity M of the critical point.

2.2. Bifurcation equation

The elimination of the passive coordinates [see Thompson and Hunt (1973)], which is
called the Liapunov—Schmidt decomposition for an infinite-dimensional system, reduces
the original equation to a system of (bifurcation) equations. Let ¢ (i=1,...,M) be M
independent eigenvectors (eigenfunctions) of the zero eigenvalue at a bifurcation point
(u°, £°) of multiplicity M. Then we can define incremental variables W = (i, ..., wy)T and f
from the critical point (u,f*) as:

Then the bifurcation equation reads

T The critical point is divided into two types, group-theoretic or parametric, according to whether X is G-
irreducible or not. Since the latter is rare, we consider only the former type in the remainder of this paper.
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When the original equation F is equivariant to G, the bifurcation equation F can be chosen
to be equivariant to G with respect to the associated irreducible representation, that is,

T(9)Fw.f) = F(T(gW.f), ‘geG, (6)

where T(g) is the M x M irreducible representation matrix. It is this inheritance of symmetry
to the bifurcation equation that plays a key role in determining possible bifurcating solutions
and their symmetries at a critical point (cf. Appendix). Note that the symmetry of these
bifurcating solutions is often higher than that of the kernel space G*, which also labels the
symmetry of the eigenvectors e;.

2.3. Block-diagonalization
For a G-invariant u, the tangential stiffness matrix J satisfies a symmetry condition

T(g)J = JT(g), “geG

by eqn (3) and, hence, can be put into a block-diagonal form by means of a suitable
transformation matrix H. The form of H, which depends on the definition of u and G, will
be given later in this paper for particular cases.

The space X for u can be decomposed into the direct sum of subspaces X*

X= @ X* @)

HER(G)

by means of the isotypic (standard) decomposition, where @ denotes the direct sum and
R(G) denotes the whole set of irreducible representations. Each subspace is associated with
the solution for the main or a bifurcation path. It is to be noted that the space X* that
corresponds to an M-dimensional irreducible representation can be further decomposed
into the direct sum of M subspaces, that is,

(®)
The transformation matrix can also be decomposed into the form of
H=[...,H" ..]

made up of blocks H* associated with the irreducible representations. With the use of this
H the tangential stiffness matrix can be block-diagonalized, that is,

JO =(HTJHS = diag[...,*,..], peR(G), 9)

where diag[...] denotes a block-diagonal matrix. It is to be noted that a block J* that
corresponds to an M-dimensional irreducible representation can be further decomposed
into a block-diagonal form with A identical blocks, that is,

J¢ = diag[/*,...,J*], ueR(G) (10)

to be consistent with eqn (8). The multiplicity of the zero eigenvalues of J* corresponding
to an M-dimensional irreducible representation is necessarily repeated M times. The block-
diagonalization method is advantageous in that the singularity of J is distributed into a few
blocks and that the block-diagonal form of eqn (9) corresponds to the categorization of
singular points (e.g. Murota and Ikeda (1991) ; Ikeda and Murota (1991)].
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Fig. 2. Actions of the elements o,, o,, ¢(¢) and o,0,.

2.4. Schoenflies notation for describing symmetries

We introduce the Schoenflies notation for describing geometric symmetries. [See, e.g.
Kettle (1995) for details of this notation.] As shown in Fig. 2, consider the reflection g,
with respect to a vertical plane, the reflection

Op.:Z—> —2Z
with respect to the horizontal xy-plane, and the rotation
c(@):8—-040 1

around the z-axis at an angle of (0 < ¢ < 27), where 8 = tan~'(y/x). Then the symmetry
of the system invariant under these three transformations is labeled by

Dnoh = <av’ o’h, C((P)>, 0 < (p < 27!,

where the brackets (> denote the group generated by the elements therein.
The subgroups of D, are [e.g. Dinkevich (1991)] :+
D, = <o, 0, c(2n/n)>,
D,y = {on0,,0,c(n/n)),
Cov =<0,,¢(9)>, C, =<a,,c(2n/n)},
Con =<0, c(9)), Con = <on, c2r/n)>,
D, =<{on0,,c(9)>, D, = owo,,c(2n/n)>,
S, = {onc2n/n)),
Co =Lelp)), C,=<c@2n/n)),
where 7 is an integer denoting the frequency of rotational symmetry and the subscript, oo,
denotes the axisymmetry. The action of ay,0,, for example, is shown in Fig. 2.
The group D,q, which play a key role in this paper, is expressed alternatively as:
D,s = {e,c(n2/n),...,c(m2(n—1)/n),
oW 0y, on0,c(n2/n), ..., on0,c(n2(n—1)/n),
onc(n/n), opc(n3/n), ..., onc(rn(2n—1)/n),
o.c(n/n),o,c(n3/n), ..., o,c(n(2n—1)/n)},

T It should be noted that in the context of the Schoenflies notation the definition of ¢, is not unique, and o,
and a,c(¢) are sometimes identified.
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where e is the identity element that leaves everything unchanged ; the braces {-} denote the
elements of the group; and the product of elements denotes that the transformations are
performed from the right to the left in sequence.

2.5. D equivariant system
We offer here the rule for the direct bifurcation of a D ,-equivariant system. We index
the family of nonequivalent irreducible representations of D, by

‘R(Dooh) = {(vl ,Vz)[)wh,(n, VZ)th ’ Vi, V2 = +9_’n = 1’29 .. } (12)

Here (+,+)p_, corresponds to the unit one-dimensional irreducible representation and
(+.-)p,,> (—+)p,, and (—,—)p_, to the remaining one-dimensional irreducible rep-
resentations, which are defined by the one-dimensional representation matrices T%(-) :

TG40 (g) =1, THb (6) =1, THro (c(o) =1,

T ou(@) =1, T wa(e) = =1, T o(e(g)) = 1,

TEwo(0) = =1, TCPe(a) =1, T (o) = 1,

TCo(0) = —1, TCo(a) = —1, TC (o) = 1. (a3

By eqn (4), the symmetry groups G* of the kernel spaces for the one-dimensional irreducible
representations are

G+ P =Dy, G P =Cp,, GU PP = Cpy, GO P =D,

The one-dimensional unit representation (+,+)p_, is associated with a limit point of the
loading parameter f, and its symmetry is labeled by the group D..,. The one-dimensional
nonunit representations (+,—)p_,, (—,+)p,,, and (—,—)p_, are associated with simple,
symmetric bifurcation points with C,,-, C,,- and D_- invariant bifurcation modes,
respectively.

The remaining irreducible representations in eqn (12) are of degree two, and their
actions are defined by

T("’HDI..(O'V) — P, T("‘+)Dlh(0'h) — 12’ T("‘”Dlh(c(q))) — R,
T v.(0) = P, T" 7o) = =L, T" °.(c(9) = R, (14)

where

12:(1 O>, P=<1 0 ), R=(C05(n(p) —sin(n(p)).
0 1 0 -1 sin(ng)  cos(ne)

The two-dimensional irreducible representations (n,+)p_, and (n,—)p_, are associated with
symmetric double bifurcation points, from which D,,- and D, 4-invariant bifurcation paths,
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Table 1. Representation matrices and symmetry groups of bifurcation points and paths of D ,-invariant system

Multiplicity Irreducible T (g) Symmetry groups
M rep. i g, o (o) GY for X Bifurcation paths
1 (+.+)o,, 1 1 1 D D,y
(+. =)o, 1 -1 1 o o
(=)o, -1 1 1 Con Con
(=)o, -1 —1 1 D, D,
2 (n+)p,, P L R Can D,y
=)o, P -5 R San D,q
1 0 1 0 cos —si
Here I, = ( ) P= ( )and R = ( ) (n9) sm(n(p))
0 1 0 -1 sin(neo) cos(ne)

respectively, branch. The symmetries of the kernel space and the bifurcation paths are
summarized in Table 1.

2.6. D, requivariant system
The rule of the direct bifurcation of a D,4-equivariant system is obtained. We index
the family of nonequivalent irreducible representations of D,4 by

R(Dnd) = {(+’+)Dnd’(+’—)ond’(_’ +)D"ds (_,_)D"d’(l)Dnda(z)Dnd, re ’(n_ l)Dnd}'

(15)

Here (+,+)p,, corresponds to the unit (one-dimensional) irreducible representation and
(+.-)p,, (=,+)p,, and (—,—)p,, to other one-dimensional ones, which are defined by
the one-dimensional representation matrices in Table 2. The irreducible representations
(Mp,,,@)p,,»...»and (n—1)p , in eqn (15) are of degree two, and their actions are also
defined in this table.

For simple critical points, associated with one-dimensional irreducible representations,
we can see from Table 2 that the kernel space 1s labeled by the groups

G(+,+)DM _ Dndv G(+,4)D”d — Szm G(—.+)Dm1 — D,,, G(».*)Dﬂd = Cnv’

which also represent the symmetries of the (bifurcation) paths. The group D, is associated
with a limit point of a loading parameter £, while the subgroups S,,, D, and C,, to simple,
symmetric bifurcation points.

The solutions of the two-dimensional bifurcation equation (5) of a double point
(M = 2) associated with the jth two-dimensional irreducible representation (j)p,, of the
D,q-equivariant system are obtained in the Appendix. To sum up, the symmetries of the
bifurcation paths are labeled by

Table 2. Representation matrices and symmetry groups of bifurcation points and paths of D,4-invariant system

Multiplicity ~ Irreducible ™ (g) Symmetry groups
M rep. u OO, anc(n/n) e Bifurcation paths
1 (+.+)o, 1 1 D,y D,y
(+.-)o, —~1 1 San Son
(—+)o, 1 -1 D, D,
(—.—)o, -1 -1 Cn Cuw
2 (o, P Q Saua (J+A is even) Dyaa
C,» (J+7is odd) Cipn o1 D,y
nj .
cos— —sin—
H Q " " ] ] i 2 d gcd(/,n) denotes the greatest co
ere Q= — = —, A= —, an n a mmon
w gedGiny "7 gedGmy N0 B
sin ; cos ;

divisor of jand n.
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Table 3. Representation matrices and symmetry groups of bifurcation points and paths of D,-invariant system

Multiplicity Irreducible % (9) Symmetry groups
M rep. pt o, c(n2/n) GW Bifurcation paths
1 ( +,+ )D" 1 1 D" D"
(+.—)o, —1 1 C. C,
(—,+)o, 1 ~1 D.. D,
= o o, -1 -1 D, D,
2 W) )D" —P o8 Cop D,
D if f+7 is even,
Cume OF D, ifj+7 is odd,

where

o L
1= ed(Gony " ged(iny’

and ged(j, n) is the greatest common divisor of j and ». This point is asymmetric for j+ 7 is
even and symmetric when it is odd.

2.7. D,-equivariant system
We index the family of nonequivalent irreducible representations of D, by

{(+,+)p,(+,=)p,(Dp,,2p,s - - . (r—1)/2)p } ifn is odd,
R(Dn) = {(+5+)Dn’(+a—)D,,s(_v+)D,,(_s_)D,,’
Mp,.p,,---»(n/2—1)p } ifn is even.

Here (+,+)p, corresponds to the unit (one-dimensional) irreducible representation and
(+,-)p,, (—,+)p,, and (—,—)p, to other one-dimensional ones, and the remaining irre-
ducible representations are of degree two. The actions of the representation matrices are
given in Table 3.

For simple critical points associated with the one-dimensional ones, we can see from
Table 3 that the symmetries of the kernel spaces and, hence, the symmetries of the (bifur-
cation) paths, are labeled by

G(+’+)D,, — Dm G(+’_)D,, — Cn9 G(_'+)D,, — Dn/l! G(_’_)Dn — Dn/2'

The group D,, is associated with a limit point of the loading parameter f, while the subgroups
C, and D,, to simple, symmetric bifurcation points.

Because D, is isomorphic to C,,, the bifurcation structure of the D,~equivariant system
is identical to that of C,,-equivariant one [cf. Tkeda et al. (1991)]. To sum up, the double
bifurcation point associated with the two-dimensional irreducible representation (j)p_ is
asymmetric when 7 i1s odd and symmetric when even, and the symmetry of the system on
all bifurcation paths is labeled by D,

2.8. Bifurcation hierarchy
The rules of further bifurcation from the subgroups of D, in addition to the groups
D,s and D, are to be obtained in a similar manner. The assemblage of the rules for D,
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Fig. 3. Bifurcation among subgroups of D, : a lattice of subgroups expressing the bifurcation rule
(n/mis odd for D,y —» D,,4; n/m is even for D,;, » D, 4 and C,, = S,,.).

and its subgroups leads to the bifurcation rule in Fig. 3 (Ikeda and Murota, 1997), which
is expressed in terms of a lattice of subgroups.

3. RECTANGULAR PLATE

The governing equation of a four-sides simply-supported rectangular plate subject to
a pair of uniaxial pure bending moments in Fig. 1 is presented and its symmetry is described.

3.1. Governing equation
We employ the nonlinear differential equation by von Karmén :

L (F6TN eTw_ Fg P
Vw*D(ayz o T ooy oxipoxiy) (16)
Pw N\ 0Pw dw
44 O Wow
o=t (i) S o) )

(0 < x < a,0 <y < b), where w(x, y) denotes the out-of-plane deflection ; ¢p(x, y) indicates

the in-plane stress function; ¢ and D = E£/[12(1—?)] are the plate thickness and the

flexural rigidity of the plate, respectively; E is Young’s modulus and v is Poisson’s ratio.
The in-plane stress components are expressed in terms of the Airy stress function

¢(x,y) as

o, = g, =

¢ ’¢ 09
ay*’ ox?’

BT T ax oy

The mechanical boundary conditions are expressed as



602 K. Ikeda and M. Nakazawa

b

b b
M= —tJ‘ o,.(x,y) (y—§>dy, f a.dy=0, 1,=0 forx=0,aq,
0 0
(18)
-[ o,dx=0, 1,=0 fory =0,6b.

]

The boundary conditions in eqn (18) can be exactly satisfied if a homogeneous solution of
eqn (17):

2
(2y—3b)
po) = =12 m, (19)
bt
is chosen to be the Airy stress function (Nakazawa et al., 1991).
The equilibrium equation can, consequently, be expressed as
F(w(x,»),f) =0, (20)

where (w(x, y),/f) satisfies the governing eqns (16) and (17) and the boundary conditions
in eqn (18). In this equation, the loading parameter is defined as

SE

f

i

3.2. Discretization by Galerkin’s method

Galerkin’s method is applied to eqn (20) to arrive at a discretized form of the governing
equation. For the four-sides simply-supported boundary condition, the deflection w can be
approximated by the double Fourier expansion, that is,

w=tz }:u,-jsin(i;c-)sin<ﬁt7y>, 0<x<a 0<y<hb, 21
i=1 =1

where m, and m, denote the numbers of the Fourier series in the x- and y-directions,
respectively. Define the displacement vector u by

u; U
i=1 m
— _ k) b X 2
u b ul E J — 1, , my. ( 2)
l'lm ul'm),
Then the governing equation (20) can be rewritten in a discretized form as:
F(u,f) =0, (23)

where the components of the vector F are expressed as

. t [(2pPw PP Pw &t¢ Pw
Fm vy, +1(0.1) = VW=l 3m Y o o 2oxdy
G=1) J.4—1(“1() J; L [ w D<ay2 ax: ax 9y? Oxdy 8x6y>]

- sin (Taf)sin (J”Ty)dxdy, i=1,...,muj=1,..,m,. (24)
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The general expression of ¢(x, ) is obtained by summing the homogeneous solution
¢o(y) of eqn (19) and a particular solution of the right-hand side of eqn (17), that is,

o(x,y) = g (V) +EF '"Z % $,q COS (IJ—ZE) cos <2qbny>' (25)

p=0g=0

Substituting eqns (21) and (25) into eqn (17), we obtain the expression of @, in terms of
u, as

8(P2 +4a2q2)2 S R .. . .
—foz Bpy = Zl Zl Zl ‘21 Uty [2mnij + (m* > +n?i%)], (26)
m=1n=1i=1j=

where « = a/b is the aspect ratio of a panel, and p and g are positive integers, being expressed
as

p=m+i and q=(n+j)/2 p=|m—i|l and g =(n+j)/2
—:qor + :{or
p=|m—i|l and ¢q=|n—j|/2 p=m+i and ¢q=|n—j|/2

according to whether + in eqn (26) is — or +.

By substituting eqns (21) and (25) into eqn (23) and integrating it, we obtain a set of
third-order simultaneous algebraic equations of u;s. The substitution of the obtained ;s
into eqn (21) yields the out-of-plane deflection in the post-buckling state.

3.3. Description of symmetry

The symmetries of the initial and deformed states of the plate in Fig. 1 are labeled here
with the use of the Schoenflies notation. In order to exploit the periodic symmetry of the
plate, we extend the domain in eqns (16) and (17) two-fold in the x-direction, that is,

0<x<a—»—a<x<a
Then it is easy to see that F(w(x, y),f) in eqn (20) is equivariant under the action of
op0,:2—> —2z (w—o —w) and x-o —x,
that is,
F(=w(—=x,y1.f) = —Fw(x,»),/) (27)

is satisfied. It indicates that if (w(x, y),f) (0 < x < a) is a solution of F(w(x,y),f) =0 in

eqn (20), (—w(—x,»),/) (—a < x < 0) is also a solution. Hence, the Fourier expansion of
eqn (21), which satisfies

—w(—x,y) = w(x,))
serves as a solution for the extended domain. Since w in this expansion is periodic at the
ends x = +q, the solution w of the plate extended in this manner is periodic at the ends.
The geometry of the extended plate in the initial state is invariant under the action of
the horizontal reflection o, with respect to the xy-plane (due to its upside-down symmetry),
that of the reflection o, with respect to the vertical yz-plane, and of the translation

c(@):x — x+1

in the x-direction at a length of /. This translation, which is due to the periodic nature of
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Extend the interval twofold

4—‘—* G-J—D 2

WJDI

Fig. 4. Schematic illustration of the D g-invariance of sin(nx/a). The dashed lines (---) denote the
planes of reflection symmetry.

w, is expressed by c(g) by setting / = ap/n(—a </<a,0< ¢ <27n) in eqn (11). The
symmetry of the extended plate, accordingly, is labeled by the group

Doch = <6vs Ohs C((P)>, 0 S (P < 27'[.

It is easy to see that the approximation by Galerkin’s method does not break the symmetry
of the system, that is, eqn (24) retains D_,-equivariance. Of course, the finiteness of the
terms in eqn (24) takes effect, and the system discretized in this manner loses some bifur-
cation modes.

The symmetry of the nth Fourier coefficients in the x-direction

. [(nnx\ . [jmny .
——— — =1,2,...
sxn(a)sm<b), J y Ly

is labeled by the group D,q. Figure 4 schematically illustrates the D 4-invariance of sin(nx/a)
in the extended interval —a < x < a. In this figure, the axes of half rotation symmetry are
located at x = 0, + ¢, and the planes of reflection symmetry at x = +a/2.

It is to be emphasized that the displacement w in eqn (21) expressed in terms of the
double Fourier series is always invariant under the action of o,0, and, hence, the dis-
placement after bifurcation is also invariant under either D, or D, for some integer n. The
simply-supported boundary condition thus restricts the symmetry of the bifurcated state.

4. BIFURCATION RULE

The bifurcation rule of the rectangular plate in Fig. 1 is presented in this section. This
rule suffers degeneration owing to the restriction by the boundary conditions, compared
with those for the D_,-equivariant system presented in Section 2. In particular, block-
diagonal forms of the tangential stiffness matrix are obtained for D -, D,4-, and D,-
invariant paths of the plate. The numbers m, and m, of the double Fourier expansion in
eqn (21) are chosen to be oo to simplify the resulting formulas.

4.1. D ,-invariant main path
We consider the space X of w in eqn (21) that satisfies the boundary conditions, and
the space X of w that does not. These spaces are spanned, respectively, by
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£ . [rmx\ | ln_y ©
= span | sin{—— sin{ — "
. fnax\ . [Iny nnx\ . (loy\|*
X = span | sin{——j}sm|—— ,CoOS|—|sSin{——
a b a b )l

(—a < x < a). Here span[‘] indicates that the relevant space is spanned by the functions
therein. The structure of bifurcation for the space X has already been presented in Section
2. In this section, we investigate the way this mechanism is inherited to the space X, which
is restricted by the boundary conditions, to obtain the Fourier series spanning the subspaces
X* of X.

The isotypic decomposition (7) of the space X of w with respect to the group D, is
expressed as :

X=X oa@Xt o, @ X oo, @ X oa@ [Hé] (X4 @ X("”D’«")] (28)

to be consistent with the composition of the irreducible representations in eqn (12). Fur-
thermore, the subspaces X™*)o, and X™ o, for two-dimensional irreducible rep-
resentations are further decomposed into:

X o, = Y+, @® X("’“é;n’ X® ., = X 0nb,, @ Xoh,, (29)

The Fourier series spanning each subspace is determined with reference to eqns (13)
and (14), and to the actions of oy, ¢, and ¢(¢) defined as shown in Fig. 2. For example, for
(n,—)p,, the action of &, on the Fourier series

nnx\ . [lny . [(nnx\ . [Imy
cos (—a—) sm< b ) and sm( p )sm< b ) (30)

o q=—q=—Lq=T""o.(c,)q

— (cos (™ sin (™. sin (™ sin ()
q—COSaS b,SnaSII’lb.

In addition, the actions of ¢, and ¢(¢), respectively, satisfy

satisfies

by eqn (14), where

o,°q=T"ou(s,)q, c(@) q=T""ox(c(p))q.

The Fourier series in eqn (30), accordingly, correspond to the two-dimensional irreducible
representation (n,—)p_,. The subspaces in eqns (28) and (29), therefore, are spanned by :

X o, = span[0],
X(+'_)Dnn = X[_'+)Dxn = X(_,_)Duh = X(n‘+)D¢,n = Span[¢]’

b — X in (2|
X span |:cos( p >sm(b n
l oc
X)b.. = span I:sin <@> sin <ﬂ>:| , 31
a b ]l

where ¢ denotes that the relevant space does not exist for this case.
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In view of the fact that the cosine terms of x do not exist for the space, X, the space X
is decomposed as follows:

where
Xttt = xt+n,, XY@, — xtn-1p,, (32)
By eqns (31) and (32), we can see that the subspaces of X are spanned by

X+, = span[0],

A l o0
X~Jo.. = span [sin (’LZE) sin <%>} . (33)
=1

Their symmetries are labeled by
T(Xou) = Dyy, (X 70u) = Dy,

where X(-) indicates the symmetry of the space therein.
Since each displacement component of the vector u in eqn (22) corresponds to a
subspace in eqn (33), the matrix J is already in a block-diagonal form:

Jour = J = diaglJ" o, T o]

Furthermore, the diagonal blocks J™ o.. (n = 1,2, .. .) are all of diagonal forms due to the
orthogonality of the double Fourier series. When these blocks are all regular, the system
has the trivial D ,-invariant solution w = 0. A diagonal block J" .. becomes singular at
a simple bifurcation point, at which D,-invariant bifurcation paths branch. This point,
which is associated with a two-dimensional irreducible representation, is not a double point,
but a simple one because J™ v cannot be put into the form of eqn (10) due to the
degeneration by the boundary conditions. To be precise, although the two blocks in eqn
(10) are associated, respectively, with the terms sin(nnx/a) and cos(nrx/a), the latter term
and, hence, the block for the latter, is absent due to the boundary condition.

4.2. D, invariant bifurcation path
The rule of the bifurcation of the D,s-invariant bifurcation path can be obtained
similarly. With respect to the group D,,, the space X is decomposed into:

J

-~ ~ -~ -~ n—1 ~
X = #Elg%nd) X4 = X+*p, @ X(—'*')D,.a@ (g_)} X(’)'l«), (34)

In this equation the subspaces of the irreducible representations (+,—)p , and (—,—)p,,
are absent. Each subspace in eqn (34) is spanned by:
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- [ l ’
X+ o, = span | sin ((2k— Dn %) sin (%)] s

k. i=1

R I} *
X %oy = span | sin (2kn E) sin (ﬂ):l ,
L a b )i

X9v. = span | sin ([2(k-— Dn+j] %) sin (llb}i),

sin ((2kn — -”;’f) sin (%y)]:o : (35)

The symmetry of each subspace is labeled by

(X Pon) = Dy, E(XP0)) =D,
Dgma ifj+7 is even,

Z(Y(I)Dna) = { P
D, ifj+7 i1s odd,

where f = j/ged(j,n) and 7 = n/gcd(j, n). Here, ged(j,n) denotes the greatest common
divisor of j and n, and j'and # are relatively prime.
The block-diagonal form of the tangential stiffness matrix becomes

fPr = (HP)T JHPn = diag[ ]+ +ou, J(—+Ip, Do, J?o,
J (H”)'JH diag[/ ,J s R R

The transformation matrix A= is a permutation matrix that rearranges the Fourier series.
To be precise, wP is defined as

WD"" = (ll;l ,u;fz, AN .)T, “pi = (upi], upiz, .. .)T

by permuting the order of the components of u by the permutation

1 2 s
( ) (36)
pi Py

which is defined to be consistent with eqn (35).

When the diagonal blocks are all regular, the system has the trivial D, 4-invariant
solution. The diagonal block J'*'*)o, becomes singular at a limit point of the loading
parameter f. The block JU~-+)o, becomes singular at a simple, symmetric bifurcation point,
at which a D,-invariant bifurcation path branches. The block /¥, becomes singular at a
simple bifurcation point, which is “symmetric” for j+ 7 odd and is “asymmetric” for even.
Its bifurcation path is Dy, e-invariant for j+# even, and D, -invariant for odd. The
categorization of the critical points is given in Table 4.

4.3. D, -invariant bifurcation path
The rule of the bifurcation of the D,-invariant bifurcation path can be obtained
similarly. With respect to the group D,, the space X is decomposed into:
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Table 4. Categorization of the critical points of the D, -invariant plate

(a) D, -invariant main path

u satisfying det J* = 0 (+.+)o_,

(n,—

)o.,

Category of points
Multiplicity M

Limit point
1

Bifurcation point

1

Symmetry of points Symmetric
Symmetry of solutions Do D,y
(b) D,4-invariant bifurcation path
u satisfying det J* = 0 {(+,+)o,, (=, +)p, (o,

Category of points
Multiplicity M

Limit point
1

Bifurcation point
1

Bifurcation point
1

. . Asymmetric, j+#A iseven
Symmetry of points Symmetric Symmetric, 44 is odd
. D> J+#A s even
Symmetry of solutions D,q4 D, s T+i s odd
(¢) D,-invariant bifurcation path
u satisfying det J¢ = 0 (+.+)o, (—.+)p, (Mo,

Category of points Limit point Bifurcation point

Bifurcation point

Multiplicity M 1 1 1
Symmetry of points Symmetric ?;r);lr:llgﬁtizlc’ Z :: 2‘(};
Symmetry of solutions D, D, D,
Where (—,+)p_exists only for n even.
. n-biz o
X, @ ,@1 X Vo, if# 1s odd,
X= (37)
- " nf2—-1
X+t Xote @ ( <) X‘Dvn) ifn is even.
In this equation the subspaces of the irreducible representations (+,—)p and (—,—)p_are
absent. Each subspace in eqn (37) is spanned by :
. ) nx\ . [Imy\|©
X %o, = span (sm (kn -> sin (_y)] ,
L a b ] i
. [ N wx\ | [lay\]®
X%, = gpan | sin | {k— = |n— |sin i ,
i 2/ a b ) oy
L [ X In
XU, = span | sin ([(k—— Dn+j] 7) sin (Ty)
. zx\ . [\
sin ((kn -5 ‘) sin (l):l , (38)
a b ]l

and the symmetry of each subspace is labeled by

(X 4oy =D,, EX ) =Z(X o) =D,,,

Z(XY0) = D

nin:
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Dooh > Dnd > Dmd

D, Dy,

Fig. 5. A lattice of subgroups expressing a bifurcation rule for the D_,-invariant plate (#/m is odd
for D,y — D,.q).

The block-diagonal form of the tangential stiffness matrix becomes

j‘Dn — (HD")TJHD"
{diag[f(*'*)[’n, JWo, | J=Didn] ifn is odd,

diag[J+ o, J(— o, Jo, J®W2-Un] jfn is even.

The transformation matrix A" is a permutation matrix to be determined in view of eqn
(38). When the diagonal blocks are all regular, the system has the trivial D,-invariant
solution. The diagonal block J'*:*)o. becomes singular at a limit point of the loading
parameter f. The block J=*)o. or J¥». becomes singular at a simple bifurcation point, at
which a D, ,- or D,,-invariant bifurcation path branches, respectively. This bifurcation
point is “asymmetric” for J”0. with 7 odd and is ‘‘symmetric”’ otherwise.

4.4. Bifurcation hierarchy

The assemblage of the rules for the bifurcation of D -, D,4- and D,-invariant paths
presented in the previous subsections leads to the bifurcation rule of the plate shown in
Fig. 5. Note that D, is a subgroup of D, only if #/m is odd. This rule is much simpler
than that of a D_-equivariant system in Fig. 3, because of the absence of the modes other
than D,,-, D,q- and D,. Such simplicity is due to the degeneration by the boundaries.

5. BIFURCATION ANALYSIS

A bifurcation analysis was carried out on the simply-supported plate. The numbers of
the Fourier series in eqn (22) were chosen to be m, = m, = 6. The aspect ratio was chosen
to be « = 0.8 and the depth-thickness ratio to be § = b/t = 200. For this case, the lattice of
subgroups which expresses the bifurcation rule degenerates as shown in Fig. 6, because
D, q-invariant bifurcation paths with # > 7 and D,-invariant ones with n > 4 do to exist.
Such degeneration is a kind of discretizing error, which can be reduced to some extent by

Fig. 6. A lattice of subgroups expressing a bifurcation rule for the plate for m, = m, = 6.
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Table 5. Modes (m, = 6) and symmetries of bifurcation paths

I3 (+’+)D|a ("f")Dm
D,y order ,3,5 2,4,6
symmetry Dy D,
M (+,+)p,, (—s+)p,, (Np,,
D,y order 2,6 4 1,3,5
symmetry Doy D, D,
U (+,+)o,, (—,+)p,, (Do, @p,,
D,y order 3 6 1,5 2,4
symmetry D,, D, Dy, D,
! (+:+)p, (Do, o, 3o,
D,  order 4 1 2,6 3,5
symmetry Dy D, D, D,
“ (+.4)p, (o, o, Bo,, @),
D, order 5 1 2 3 4,6
symmetry Dyy Dy D, Dy D,
U (+ ? + )th (I)Dad (2) Dy, (3)Dn‘1 (4)[’5.1 (S)Dbd
D order 6 1 2 3 4 S
symmetry Dy D, Dy D, D, D,
u ( + L] =+ )D,
D, order 1,2,3,4,5,6
symmetry D,
u (+.4+)b, (= o,
D, order 2,4,6 1,3,5
symmetry D, D,
U (+.+)p, (Do,
D, order 3,6 1,2,4,5
symmetty D, D,

choosing the number m, large and to have many divisors. It is to be noted that the
bifurcation rule for this case, which involves a relatively small number of groups, is already
this complex. For example, on a D g-invariant bifurcation path, from eqn (35), one can see
that the Ist, 3rd, and 5th modes correspond to the space X* *'»., and the 2nd, 4th, and
6th ones to X *)ow, Table 5 shows the relationship among mode numbers, subspaces, and
the symmetry of bifurcation paths obtained in this manner.

Figure 7 shows a result of the bifurcation analysis. When the bifurcated solutions
branching toward the positive and negative directions of deflection correspond to the
identical physical behavior, only one of them was plotted in this figure for simplicity.
The abscissa denotes the normalized deflection at (x, y) =(0.354,0.70b), and the ordinate

M/D
S
]

rPrrrrrrr ]y rTrverrr [ Trriore

Loading parameter f
—
[l
[ws)

Lk ety b by ry o1 lyrryge

A Ref. point
(0.35a, 0.70b)
C N ] L 1 L b ]
=6 —4 -3 -2 -1 0 1 2 3 4

Out—of—plane deflection w/t
Fig. 7. Equilibrium paths of the plate. (8) denotes a critical point.
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indicates the loading parameter fexpressing the normalized bending moment. The symmetry
groups for the paths are shown in the figure, and critical points are expressed by (e). The
solid lines denote stable paths on which all eigenvalues of the tangential stiffness matrix J
are positive, and the dashed ones denote unstable ones with one or more negative eigen-
values. The points A,...,F on the trivial solution w/t = 0 are bifurcation points with
bifurcation modes of the 1,. .., 6th sine modes in the x-direction, respectively.

We obtained the bifurcation paths from the bifurcation points A,...,F that are
D4, ..., Dg-invariant, respectively. By the rule in Table 4(a), these points are simple,
symmetric bifurcation points associated, respectively, with the irreducible representations
(n,—)p,, (n=1,...,6).

A D,g-invariant path further branches from the D,;-invariant bifurcation path at the
bifurcation point I, and is connected with another D 4-invariant one branching from the
main path at the point A. By the rule in Table 4(b), the point I, at which /=1 and 7i = 3
(j+# is even) is a simple, asymmetric bifurcation point associated with the irreducible
representation (1)p . Dj-invariant paths branch from the bifurcation point J on the D.,-
invariant one and the bifurcation point K on the Dy-invariant one. The point J with /' = 1
and 7 = 2 and the point K with /= 2 and # = 3 are simple, symmetric bifurcation points
because j+7 is odd. No bifurcation takes place on D,-invariant ones because they cannot
lose symmetries any further. The complex bifurcation process presented above does per-
fectly follow the rule in Fig. 6.

At the course of the bifurcation analysis, the block-diagonalization of the tangential
stiffness matrix J was performed. For the D -invariant main path, J is already in a
diagonal form as was explained in the previous section. For the D,-invariant (n =1, ...,6)
bifurcation paths, the subspaces in the isotypic decomposition in eqn (34) are spanned as
listed in Table 5. The permutation in eqn (36) was chosen with reference to this table, that
is,

r/1 2 3 4 5 6
31542 6 forD,y, Dy, Dy, Dy, Dy,
1 2 3 4 5 6
forD,,
361 2 4 5
1 2 3 4 5 6
< forD,,,
4 1 2 6 3 5
1 2 3 4 5 6
for Dy,
51 2 3 4 6
1 2 3 4 5 6
fOI'DGd.
L\6 1 2 3 4 5

Figures 8 and 9 show the Jacobian J and JP~, before and after the block-diagonalization,
respectively. Here (-) stands for a zero component (x) for nonzero one. The forms of these
matrices are all in agreement with eqn (34). The block-diagonalization method has turned
out to be a refined way to understand and categorize the complex bifurcation behavior
because the block-diagonal form JP= of the Jacobian J corresponded to the categorization
of critical points. In addition, the method achieves numerical stability during iteration
because the block for the main path is not singular even at a bifurcation point.

6. CONCLUSIONS

Although the recursive bifurcation of the rectangular plate turned out to be quite
complex, the present method is capable of describing the qualitative aspects of the behavior
in a complete manner. The block-diagonalization method is useful in the classification of
the critical points and in the stabilization of the iteration. The rule of the bifurcation of a
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Fig. 8. Distribution of npnzero components of the tangential stiffness matrix before block-diag-
onalization. (+) stands for a zero component and (*) for nonzero one.

system with “hidden symmetry” undergoes degeneration due to boundary conditions. It is
desirable to develop a synthetic theory to describe the mechanism of the degeneration,
which is dependent on particular boundary conditions. This paper hopefully serves as a
first step for this development.
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APPENDIX

Double bifurcation point of a D, requivariant system

The bifurcation behavioral characteristics of the double bifurcation point associated with the jth two-
dimensional irreducible representations of the D, 4-equivariant system are determined by solving the bifurcation
equation (5). The actions of the two-dimensional irreducible representations, labeled by (I)p . (... >
(n—1)p_, are defined byt "

J )

cosm= —sinn-

. n n
TV, (ane(n/n) = Q = —

. J J
sinm=  coszm=>
n n
1 0
T, (0n0,) = P = (0 ), j=1,...,n—1. (A1)

From eqn (Al) we note that

QZ’i =1,

J .
cosn=  —sinx
A

Q' = (-1 .
J

.o
sinm>  cosm>
A A

~L, iff+4is odd,

AN,

=(_1)f+ri — {

1, ifj+# is even,

where [, is the 2 x 2 identity mat{ix and ;' = j/ged(j,n) and # = n/ged(j, n). Here ged(j, n) denotes the greatest
common divisor of j and n, and ; and # are relatively prime. The symmetry of the kernel space, accordingly, is
labeled by

{(elmfm))*> = {c(n2hfn)) = C,u if f+ 7 is odd,
{ j=1,...,n—1. (A2)

{aue(nin))’y = (anc(niin)y = Sqs  ifj+1 is even,
Let € and €5 be two orthonormal real eigenvectors in the kernel space at the double point. Then an arbitrary

eigenvector (€°)* in this subspace is expressed as

t The irreducible representation matrix 7o, (5,0,), which is not unique, is elaborately chosen to be P,
instead of — P, so as to simplify the resulting formulas.
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(€)* = 20, € +2v,€5.

With the use of a complex variable z = W, 4+ ii%,, the two-dimensional kernel space can be identified with the space
of variables z and 2, where i denotes the imaginary unit and (*) denotes the complex conjugate of the relevant
variable. It is emphasized that not all of these eigenvectors, in reality, specify the directions of bifurcation paths,
but (z, 2) should satisfy two-dimensional bifurcation equations (M = 2 in eqn (5)),

F@zn=0, i=12 (A3)
If we put
B(f 2.2) = B\(f, %1, %,) +iF5(f, %y, W),

where f'is an increment of f from its value at the double point (f=0 at the point), we see that eqn (A3) is
equivalent to a complex equation

F(fz,2)=0, (Ad)

since £, and F, are real. Suppose we can expand F as

Fizn=73 3 4, (AS)

p=0g=0
Since (f, w,, W) = (0,0, 0) corresponds to the double critical point, we have
Ago(0) = A,,(0) = 40,(0) = 0. (A6)
The D,4-equivariance (6) at a group-theoretic point is expressed as follows. Let D, act on (z, 2) via

0,0,°2=12, 0w0,'2=7z,

one(n/n)z = —wz, oyc(nin)2 = —ws, (A7)

where

W= expin% = expin{';.
Then the D,4-equivariance (6) is equivalent to
F(fiz2) = B(f2.). (A8)
—wF(f,2,2) = F(f,— wz,— @2). (A9)
Substitution of eqn (AS5) into eqn (A8) yields
A, (f) is real, p,g=0,1,.... (A10)

From eqn (A9) we see that

™M

i A‘,q(f)Nz”Z" {(_ 1P~ exp [:iﬂ(‘P‘:"Z.——])‘Jil—l} =0.

0g=0

p
Hence,

A, =0 unless p—g—1=ki and p—g—1+kf=even,
pg=0,1,...; k=0,+1,+2,...,

that is,

, 2kA  ifj+# is odd,
A, is nonzero forp—g—1 = { . (All)
ki ifj+7 is even.

Equations (A10) and (A1l) are the conditions for the D, s-symmetry. The properties of the bifurcated solutions
satisfying the complex bifurcation equation (A4) with these conditions, accordingly, depends on the parity of
SHA.
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Al J+ fi is even
For j+#is even (A > 3), under the condition (Al1), egn (A5) is rewritten as

Afzn= iﬂAq+1.q(f~)Z"+'2"+ki S Uy ing D724 Ay (D2E 9] (A1)
q= . =1¢=0

The equilibrium eqn (A4) has the trivial solution z = 0, corresponding to the D,-symmetric main path. Its non-
trivial solution is determined from F/z = 0. If we put

F(firexp(i0), rexp (—i0))
rexp(if)

Ffir0) =
using the polar coordinates z = rexp(if)) and eqn (A12), we have

R = 3 Aper oD

+kz z [Aq+l+kﬁ‘q(f)r2q+kﬁ+Aq.q—l+kﬁ(f)r2(q_1)+kﬁ] cos(kAb),

1420

FIV = 5 5 Uy a0 = Ay 7704 sin ). (13
=1g=0

[4,, is real by eqn (A10)]. The non-trivial solution is to satisfy equation & (F) =0 and hence sin(Aif) = 0.
Therefore,

_nk—1)

0 = oy
A

k=1,...,2A

is necessary for the existence of non-trivial solutions.
If we put

E(fn) = F(fira), i=12,
we see from eqn (A13) that
F,(f:r) = FA(f,'r,az(,H”“), k=1,....4, i=12 (Al4)

It can be proven by the implicit function theorem that, for each i, F{(f;r) = 0 can be solved generically for f as
f = f{r) in the neighborhood of the double point ( 7, r) =(0,0). Therefore, the number of bifurcation paths equals
2A.

The above argument [see eqn (A14)] shows the existence of two distinct sets of bifurcation paths denoted by
/i) and fy(r). Hence, the 24 bifurcation paths are divided into two physically independent paths. Every other
bifurcation path in #-direction is associated with a physically independent path with the same f vs r curve. A pair
of paths which branch in opposite directions § = o, and 8 = a, +7 = a,,; (k = 1,.. ., 2#) correspond to different
functions f; (i = 1, 2) ; the bifurcation point in this sense is defined to be asymmetric.

The symmetry of the system on the bifurcation paths is determined. The paths branching toward o,
(k = 1,...,2A) are associated with

k—1
z=rexp(im,()=rexp<in 7 ), k=1,...,24 (A15)

Let us show the existence of an integer p satisfying
on0,(one(n/n))¥ -z =z (A16)
which implies that z is invariant with respect to the action of
w0 (onc(n/n)? = 6,0,c(n2p/n).

The substitution of eqns (A7) and (A15) into eqn (A16) leads to

=1,

i+ (k—1)A
exp [MW(TM]

that is
pi+ (k—1)d = ma. (A17)

As is well-known, integers p and m satisfying this equation exist because f and # are relatively prime. The symmetry
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of this path, therefore, is generated by the element in eqn (A2) and the element a,0,c(n2p/n) (k = 1,...,2A) for p
satisfying eqn (A17) and, hence, is labeled by

{owo,c(n2p/n), oye(niifn)> = D -

Here, it should be noted that o,c(n2p/n) was replaced with ¢, because the location of the vertical reflection plane
is arbitrary in the context of the Schoenflies notation.

A2, j+1iis odd

For j+# is odd (7 > 2), under the condition (A11), k% in eqns (A12) and (A13) is to be replaced with 2ka.
The non-trivial solution, accordingly, is to satisfy sin(2/0) = 0. Therefore, 47 bifurcation paths exist towards the
directions of

k~1
9=ak=”(2ﬁ ) k=1, .4

Similar to the case of /47 even, the 474 bifurcation paths are divided into two physically independent paths and
every other bifurcation path in #-direction is associated with an independent path. A pair of paths branching in
opposite directions # = a;, and 8 = o +7 = &, 4, (kK = 1,...,2#4) represent the same f vs r curve ; the bifurcation
point in this sense 1s defined to be symmetric.

The bifurcation path branching in the direction of o, (k=1,...,4d) is associated with z = rex-
plin(k —1)/(2#A)]. The symmetry of the system on the bifurcation paths is determined. Let us examine the existence
of an integer p satisfying

ono, (onc(n/m) 2z =z, (A18)
which implies that z is invariant with respect to the action of

a,c(mp/n) ifp is odd,

v ) Al
6,0, {onc(n/n)) {ath(np/”) ifp is even. "

The substitution of eqn (A7) and z = rexp[in(k — 1)/(2A)] into eqn (A18) gives
| p(1+2)+ =2
explin|p|1+ 4 ; =1,

pU+A) +k—1=2mn.

that is

It is easy to see that the integer p satisfying this equation exists and has the same parity as ¥ — 1. The symmetry of
the bifurcation path branching in the direction of a, (k = 1,...,4#) is generated by and the element c(n24/n) in
eqn (A2) and the element a,6,c(np/n) in eqn (A 18). Its symmetry group, accordingly, is

Cope  ifk—1 is odd,
(c(n2fifn), a0, c(rp/n)) = {

D, ifk—1 is even

by eqn (A19). The symmetry of the bifurcation paths thus alternates in the 8-direction between C,,,;, and D, ;.



